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Abstract. In this note, we establish the first variation formula of the 
adjusted log entropy functional y a introduced by Ye in [14] . As a direct 
consequence, we also obtain the monotonicity of y a along the Ricci flow. 



Various entropy functionals play crucial role in the singularity analysis of 
Ricci flow. Let (M n ,g(t)) be a smooth family of Riemannian metrics on a 
closed manifold M n and suppose g(t) is a solution of Hamilton's Ricci flow 
equation. In a recent interesting paper [14], R. Ye introduced a new entropy 
functional, the adjusted log entropy, as follows 
(1.1) 

y a (g,u,t) = - u 2 In u 2 dvol + ~ In ( / (|Vu| 2 + — u 2 )dvol + a J + 4at, 
Jm 2 \JM 4 / 

where the positive function u E W 1 ' 2 (M n ) satisfies / M (|Vu| 2 + ^u 2 )dvol + 
a > 0, and R denotes the scalar curvature of the metric at time t. 

The log entropy functional can be used to prove uniform logarithmic 
Sobolev inequalities along the Ricci flow which also leads to uniform Sobolev 
inequalities, see Ye's recent series of papers, [13], [14], etc, and Zhang [15]. 
This new entropy functional of Ye shares a similar important feature with 
Perelman's entropy functionals. Namely, it is nondecreasing under the fol- 
lowing coupled system of Ricci flow, 



(1.2) 



dt^ij — 2Rij 

f t u= —Au — h ^u. 



The first evolution equation is the Ricci flow equation. The second equa- 
tion ensures / u 2 dfi g = 1 to be preserved by the Ricci flow. Notice that, 
Jm 

if we define u = e~2 , then the second equation is equivalent to Perelman's 
equation ^/ = - A/ + |V/| 2 - R which instead preserves / e~U N - 1. 

JM 

The following statement is obtained by Ye, see Theorem 3.1 in [14]. 
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Assume a > —Xo(g). Then y a = y a (g(t),u(t),t) is nondecreasing. In- 
deed, we have 

^ n f io„-„ o V2u , Vn«)Vu Auj 2 2 



(1-3) f t y a >— \Ric - 2 + 2 ^ o| Vo> 9 , 

Auj J M u u z n 

f R 

where uj = uj(t) = a + / (|Vuj 2 + — u 2 )dvol\ , which is positive. 

JM 4 It 

Ye used a minimizing procedure and the monotonicity formula of W- 
entropy of Perelman to show the monotonicity formula of (1.3), see Lemma 
4.1, 4.2 in [14]. 

One question may be interesting is : what is the precise first variation 
of the functional y a l In this short note, instead of giving an inequality 
for the first variation, we derive a formula of the first variation itself for 
y a . Consequently, we also obtain the monotonicity of y a along the Ricci 
flow. The proof is a direct approach without appealing to the minimizing 
procedure and the monotonicity of W functional. In Remark 1.3, we will 
show that the first variation formula (1.4) we obtained is equivalent to the 
righthand side of Ye's inequality (1.3), see Remark 1.3. 

We adapt the notations in [14]. If we let u = e" , then T = Jj^(R + 
\Vf\ 2 )e~ f dfig = 4 J M (|Vn| 2 + \Rv?)dn g which implies Auj = Aa + T. We 
note that T is one of the entropy functional introduced by Perelman [12]. 
Now we introduce the main theorem of this paper. 

Theorem 1.1. Assume a > -X^g) (= -\X§(T)) . Theny a = y a (g(t),u(t),t) 

is nondecreasing. Indeed, we have 

(1.4) 

n f V 2 n Vu<g)Vii A(uj - a) 2 2 4a 2 



f t y a = -7-1 \Ric-2 + 2 * '-g\ t u z dn g + , 

at Auj J m u u z n uj 



f R 

where uj = a+ I (|V«| 2 + —u 2 )dfi g 
Jm A 



, which is positive. The monotonicity 



is strict, unless the manifold is a gradient shrinking soliton with positive first 
eigenvalue Xo(g) > and also a = 0. 

Proof. By the notations of u and /, we observe that y a = —S + ^ In \{T + 
4a) + Aat, where S = — J M fe~-^dfi g is the differential Shannon Entropy. 
Along the coupled system of Ricci flow, we have 

(1-5) d 

= TOT [ / \RiJ + ViVjf\ 2 e- f dn g + -(4a - T)(Aa + T)} 

JM n 

= Ul l^ + v,v j /-^| 2 e -^ g + ^-] >0. 
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Change of variables from f to u completes the proof. 



□ 



In the above, we have used the properties that = T and = 
2 f \Rij + V 'jV jf\ 2 e~J dfig under the coupled system (1.2) which can be 
proved by direct computations. Related references can be found in [1], [2], 
or original paper of Perelman [12] and [11], [6]. Recall that, Xo(g) denotes 
the first eigenvalue of —A + -j in [14], i.e. 

R 

7' 



A (<7)=inf \ (|Vu| 2 + ^ 2 )a> 9 , 
Jm 



where the infimum is taken over all u satisfying f M u 2 dfi g = 1. Hence, 
the second property ensures that Ao(<7(i)) is nondecreasing and J M (|Vu| 2 + 
^u 2 )dfi g + a > for all time t. 

Instead of working on W-functional, dealing directly with S and T- 
functionals makes the proof rather elementary. Below a few remarks are 
in order. 

Remark 1.2. From the first variation formula, we know precisely when the 
monotonicity is strict. Only when a = the monotonicity can be non-strict. 
In this case, we know the manifold must be a shrinking gradient Ricci soliton 
with Xo(g) > 0. 

Remark 1.3. Simple computations yields that (1-4) we obtained is equiva- 
lent to the righthand side of Ye's inequality (1.3). 
(1.6) 

4 (^-°) ,2 - fj , ( 4 «) 2 



_n_ 

dt y a — 4uJ 



[ iRij + ViVjf — —gij\ 2 e- f dfi g + 



L Jm 



4lo 



n 



n 

gij\ 2 e~ f d. 



n 



+2 



f iifn „„ £ 4u ,4a fi (4a) 2 (4a^ 21 

/ g 13 (Rij + ViVjf gij ) —e- f dfi g + + ^ 

Jm 



£ f \R ij + V i V j f-—g ij \ 2 e-fd lig 
VJm n 



The splitting sum we had in (1-4) clearly shows that when a / 0, the 
monotonicity is strict. 

Remark 1.4. There are intensive study on various entropy functionals 
which are related to or motivated by Perelman's entropy functionals in [12]. 
For example, entropy functionals for linear heat equations in [10], expand- 
ing W -entropy in [3], Log entropy in [14], entropy on fiber bundles in [9], 
entropy on an extended Ricci flow system in [8], and various generalized 
entropy functionals in [7] and [5]. Also we note that there is an interesting 
entropy functional on the evolution equation for p-harmonic functions ap- 
peared in [4] recently. All these entropies share one common feature : they 
have monotonicity properties under geometric evolution equations and the 
monotonicity is strict unless the metric is a soliton. 
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